This paper presents a general model and its experimental validation for electrically tunable electromagnetic energy harvesters. Electrical tuning relies on the adjustment of the electrical load so that the maximum output power of the energy harvester occurs at a frequency which is different from the mechanical resonant frequency of the energy harvester. Theoretical analysis shows that for this approach to be feasible the electromagnetic vibration energy harvester's coupling factor must be maximized so that its resonant frequency can be tuned with the minimum decrease of output power. Two different-sized electromagnetic energy harvesters were built and tested to validate the model. Experimentally, the micro-scale energy harvester has a coupling factor of 0.0035 and an untuned resonant frequency of 70.05 Hz. When excited at 30 mg, it was tuned by 0.23 Hz by changing its capacitive load from 0 to 4000 nF; its effective tuning range is 0.15 Hz for a capacitive load variation from 0 to 1500 nF. The macro-scale energy harvester has a coupling factor of 552.25 and an untuned resonant frequency of 95.1 Hz and 95.5 Hz when excited at 10 mg and 25 mg, respectively. When excited at 10 mg, it was tuned by 3.8 Hz by changing its capacitive load from 0 to 1400 nF; it has an effective tuning range of 3.5 Hz for a capacitive load variation from 0 to 1200 nF. When excited at 25 mg, its resonant frequency was tuned by 4.2 Hz by changing its capacitive load from 0 to 1400 nF; it has an effective tuning range of about 5 Hz. Experimental results were found to agree with the theoretical analysis to within 10%.
Introduction
With the development of low-power electronics and energy harvesting technology, self-powered systems have become a research hotspot over the past decade [1] . The main advantage of self-powered systems is that they offer very low, or even zero, maintenance, which makes them suitable for deployment in large-scale installations consisting of many (100s of) systems or in locations which are difficult to access or completely inaccessible following system installation. Therefore, the target of energy harvesting is to power autonomous 'fit and forget' electronic systems over their lifetime (1-25 years or more). Some possible energy sources for harvesting include photonic energy, thermal energy and mechanical energy (typically vibrations). This paper concerns vibration energy harvesters, which may be used as an alternative to or to augment solar and thermal energy harvesters depending on the presence and magnitude of the particular energy source in the application environment.
The most common vibration energy harvesting solution is a linear energy harvester that converts kinetic energy to electrical energy using a transduction mechanism [2] . The linear vibration energy harvester produces a maximum output power when its resonant frequency matches the ambient vibration frequency. To generate maximum power from low-amplitude vibrations, linear vibration energy harvesters are typically designed to have a high Q-factor. If the ambient vibration frequency does not match the harvester's resonant frequency, the harvester's output power drops significantly due to the high Q-factor. To date, there are two ways to overcome this drawback. The first is to widen the bandwidth of the vibration energy harvester and the second is to tune the resonant frequency of the energy harvester to match the ambient vibration frequency [3] .
Research has been presented on the first approach aimed at widening the bandwidth of a vibration energy harvester. One solution is an energy harvester array consisting of multiple energy harvesters each operating at different frequencies [4] . Thus, the assembled energy harvester array has a wide operational frequency range while the Q-factor can remain high. However, only one or few individual harvesters contribute to power output at a particular source frequency, depending on the bandwidth and frequency characteristic of the excitation vibration [3] . Therefore, this solution is not volume efficient in terms of generated power density. Non-linear energy harvesters [5] and harvesters with bi-stable structures [6, 7] are the two alternative solutions to increase the bandwidth of vibration energy harvesters. They can improve the performance of the energy harvester if the ambient vibration frequencies are at higher and lower frequency bands respectively relative to its resonant frequency and so their applicability depends on the specific application frequency spectrum and size constraints on the harvester. Furthermore, hysteresis in non-linear energy harvesters makes the output unpredictable since it is a function of the historical variation of the vibration frequency.
Alternative methods based on the second approach of tuning the resonant frequency include both mechanical and electrical methods. Ideally a closed-loop control system automatically tunes the resonant frequency, either mechanically or electrically, to match the ambient vibration frequency [8, 9] , making long-term autonomous 'fit and forget' electronic systems feasible. Mechanical tuning requires a change of the mechanical properties of the energy harvester to tune its resonant frequency [10] [11] [12] [13] . Electrical tuning requires resonant frequency tuning by adjusting the harvester's electrical load. In general the electrical approach consumes much less energy than the mechanical approach as it only involves selecting the electrical load via electronic switches compared with adjusting mechanical properties, which is more energy hungry if it can be achieved at all. Electrical tuning is hence much easier to implement than mechanical tuning.
The fundamental principle of the described electrical tuning method is to adjust its electrical load so that the maximum output power of the energy harvester occurs at a different frequency from the mechanical resonant frequency of the energy harvester. A detailed model of electrical resonant frequency tuning of piezoelectric vibration energy harvesters has been reported by Zhu et al [3] . Charnegie [14] presented a bimorph piezoelectric energy harvester whose resonant frequency can be adjusted by varying its load capacitance. The test results showed that if one piezoelectric layer was used for frequency tuning while the other was used for energy harvesting, the resonant frequency can be tuned by an average of 4 Hz with respect to the original frequency of 350 Hz by adjusting the load capacitance from 0 to 10 mF. If both layers were used for frequency tuning, the tuning range was an average of 6.5 Hz by adjusting the load capacitance by the same amount. However, the output power was reduced if both layers were used for frequency tuning, while if only one layer was used for frequency tuning the output power remained unchanged. An electrically tunable electromagnetic energy harvester was reported by Cammarano et al [15] . The resonant frequency of the energy harvester was tuned by separately adjusting resistive, capacitive and inductive loads. The tuning range was between 57.4 and 66.5 Hz with different combinations of the three electrical loads. Although electrical tuning of vibration electromagnetic energy harvesters has been experimentally demonstrated, a comprehensive model of the method is not available.
In this paper, a general model and detailed analysis of resonant frequency tuning of electromagnetic vibration energy harvesters by varying the capacitive load, is presented and verified by experiment for the first time. The model is derived in section 2. Section 3 summarizes guidelines in designing an electrically tunable electromagnetic energy harvester. One micro-scale and one macro-scale electromagnetic energy harvester have been tested and the results are compared with the analytical results to validate the theory in sections 4-6.
Principles

Generic model of electrical tunable electromagnetic energy harvesters
The motion of linear vibration electromagnetic energy harvesters can be described using a differential equation as [16] :
where m is the inertial mass, b is the damping coefficient, k s is the spring constant, y(t) is the displacement of the housing and z(t) is the relative motion of the inertial mass with respect to the housing. The form of equation (1) in the frequency domain can be obtained by taking a Laplace transform, which, when rearranged, becomes:
where I(s) = are equivalent capacitance, resistance and inductance respectively. a is the vibration acceleration and k e is the electrical transduction constant, which is the ratio of the induced voltage to the velocity of the inertial mass. According to equation (2) , an equivalent electrical circuit of a linear vibration energy harvester is shown in figure 1 . Figure 2 shows the equivalent circuit model of an electromagnetic energy harvester with a variable capacitive load, C L , and a resistive load, R L . R c is the coil resistance and L c is the coil inductance.
The existence of the coil inductance increases the complexity of the circuit analysis. To simplify the analysis, a capacitor in series with the coil, C s , is used to cancel the effect of the coil inductance. Thus, the combined impedance of the coil inductance and the capacitor in series, Z s , should be zero, i.e.:
Therefore, the capacitor that is required to cancel the coil inductance is:
If the impedance of the coil inductance is negligible compared to the coil resistance, the effect of the coil inductance can be ignored and no capacitor is needed for compensation. Figure 3 shows the simplified equivalent circuit model after cancelling the effect of the coil inductance. The following analyses are based on this simplified model. The total impedance of this circuit, Z T , is:
Therefore, the voltage across the capacitive load, V L , is given by:
where
, which is the combined impedance of R L and C L when they are connected in parallel.
The generated power across the resistive load, P(ω), is given by:
After rearranging equation (9) , the equation to calculate the generated power across the resistive load becomes: Figure 4 . Effect of the inertial mass on the tuning range and output power of an electromagnetic energy harvester with a capacitive load
, is defined as the electromagnetic coupling
, is the ratio of load resistance to the coil resistance, ω n = k s m , is the original resonant frequency of the energy harvester, and Q is the open circuit quality (Q) factor of the energy harvester which is related to the mechanical damping of the energy harvester,
Please note that (ω), (ω) and (ω) are used only to make the equation look concise. They do not have any physical meaning. P(ω) reaches a maximum when dP(ω) dω = 0 (11) i.e.
Thus, the frequency at which the energy harvester produces maximum power, i.e. the new resonant frequency, ω r , is obtained by solving equation (12) as:
Please note that these symbols are used only to make the equation look concise. They do not have any physical meaning.
The new resonant frequency, ω r , is a function of the load capacitance, C L . Therefore, the resonant frequency can be tuned by adjusting the load capacitance.
When ω = ω r , the output power of the energy harvester is maximum. Substitution of equation (13) to (10) gives the equation for this maximum output power as:
where (ω r ) and (ω r ) are the same as those in equation (10), only with ω = ω r .
Simulation results
Figures 4, 5, 6, 7 and 8 show the simulation results of the model demonstrating the effect of the mass (m), Q-factor (Q), the coil resistance (R c ), the electromagnetic coupling factor (K) and the ratio of load resistance to coil resistance (r) on the tuning range and output power of an electromagnetic energy harvester, respectively. In these figures, sub-figures (a) and (b) were obtained according to equations (13) and (14), respectively. Sub-figures (c) were drawn by combining respective sub-figures (a) and (b). In each simulation, the values of four of the five variables are fixed in order to determine the effect of the remaining variable. The values used in the simulation were chosen as examples and may vary in different energy harvesters. The untuned resonant frequency was set to be 100 Hz. In all simulations, it was assumed that the energy harvester is excited under a sinusoidal vibration whose frequency always matches the resonant frequency of the energy harvester and that the acceleration level is 50 mg (1g = 9.8 m s −2 ). These values were chosen as indicative values as these parameters do not affect the tuning range or output power of the electromagnetic energy harvester. All simulation results of resonant frequency and output power were normalized to the resonant frequency and output power of the energy harvester without the tuning capacitor, respectively. Figure 4 shows the simulation results of how the mass of the energy harvester affects its tuning range and the output power. In this simulation, R c , K, r and Q are fixed to 1000 , 1000, 1 and 100, respectively. It is found in figure 4 (a) that, for the same K, the bigger the mass is, the smaller overall tuning range that can be achieved and the critical capacitive load. The Figure 5 . Effect of the Q-factor on the tuning range and output power of an electromagnetic energy harvester with a capacitive load 
The effect of the mass (m).
critical capacitive load is defined as the capacitive load that tunes the resonant frequency to the lowest possible value. Figure 4 (b) shows that the mass does not affect the value of the threshold capacitive load, which is defined as follows. If the load capacitance is smaller than the threshold capacitive load, the output power is higher than or equal to the output power without the capacitive load. If the load capacitance is higher than the threshold capacitive load, the output power starts to decrease to lower than the output power without the capacitive load. Figure 4 (c) demonstrates that, the smaller the mass is, the larger the effective tuning range. The effective tuning range is defined as the tuning range across which the energy harvester generates at least half the output power level of an untuned energy harvester excited by the same excitation level at resonance. Therefore, the results suggest that, for the same K, the smaller the energy harvester is, the higher the effective tuning range that can be achieved. Figure 5 shows the effect of Q-factor of the energy harvester on its tuning range Figure 8 . Effect of r on the tuning range and output power of an electromagnetic energy harvester with a capacitive load (R c = 1000 ,
The effect of the Q-factor (Q).
and the output power. In this simulation, R c , K, r and m are fixed to 1000 , 1000, 1 and 5 g, respectively. It is found in figure 5 (a) that the Q-factor does not affect the overall tuning range of an electromagnetic energy harvester or the critical capacitive load. Figure 5(b) shows that the lower the Q-factor is, the higher threshold capacitive load will be. Figure 5 (c) demonstrates that the lower the Q-factor, the larger the effective tuning range.
The effect of the coil resistance (R c ).
Figure 6 shows the effect of coil resistance of the energy harvester on its tuning range and the output power. In this simulation, K, r, m and Q are fixed to 1000, 1, 5 g and 100, respectively. It is found in figure 6 (a) that the coil resistance does not affect the overall tuning range of an electromagnetic energy harvester but the critical capacitive load reduces with the increasing coil resistance. Figure 6(b) shows that, the higher the coil resistance, the lower the threshold capacitive load. Figure 6 (c) demonstrates that the coil resistance does not affect the effective tuning range of the electromagnetic energy harvester. The simulation suggests that, the larger the coil resistance, the smaller the load capacitance that is needed to achieve resonant frequency tuning. Figure 7 shows the effect of the electromagnetic coupling factor of the energy harvester on its tuning range and the output power. In this simulation, R c , r, m and Q are fixed to 1000 , 1, 5 g and 100, respectively. It is found in figure 7 (a) that, the higher the electromagnetic coupling factor, the higher the overall tuning range of an electromagnetic energy harvester and the critical capacitive load. Figure 7(b) shows that, the higher the coil resistance, the higher the threshold capacitive load. Figure 7 (c) demonstrates that the increasing electromagnetic coupling factor can increase the effective tuning range of the electromagnetic energy harvester. These results suggest that the electromagnetic coupling factor should be as high as possible to achieve the maximum effective tuning range.
The effect of the electromagnetic coupling factor (K).
2.2.5. The effect of the ratio of load resistance to coil resistance (r). Figure 8 shows how the ratio of load resistance to coil resistance of the energy harvester affects its tuning range and the output power. In this simulation, R c , K, m and Q are fixed to 1000 , 1000, 5 g and 100, respectively. It is found in figure 8 (a) that the load to coil resistance ratio does not affect the overall tuning range of an electromagnetic energy harvester or the critical capacitive load. However, the threshold capacitive load increases with decreasing load to coil resistance ratio as shown in figure 8 (b). Figure 8 (c) demonstrates that, the lower the load to coil resistance ratio, the larger the effective tuning range of the electromagnetic energy harvester. These results suggest that the load to coil resistance ratio should be as small as possible to achieve the maximum effective tuning range.
2.2.6. Summary. Simulation results suggest that the resonant frequency of the electromagnetic energy harvester decreases with increasing load capacitance until it reaches the critical capacitive load at which the resonant frequency is at its minimum. If the load capacitance is further increased, above the critical capacitive load, the resonant frequency will then increase with the load capacitance. However, the resonant frequency of the energy harvester can never exceed the original resonant frequency without a load capacitance. Further, when the load capacitor is lower than the threshold capacitive load, the output power of the tuned energy harvester is the same as or greater than that of the untuned energy harvester. Conversely, when the load capacitance is higher than the threshold capacitive load, the output power decreases with capacitive load. The output power is completely damped to zero by the load capacitor when the load capacitance becomes very high. The values of the critical and the threshold capacitive loads depend on the design parameters of the energy harvester, as discussed in sections 2.2.1-2.2.5.
The maximum output power
In the cases when the value of load resistance is relatively high compared to the coil resistance (for example a rectifier), i.e. R L R c and thus r 1, it is true that
Thus,
Therefore, equation (10) can be simplified as:
Then, the maximum output power, P max , is
Equation (19) shows that the maximum output power is a function of the resonant frequency. When the resonant frequency increases, the maximum power decreases. For a tunable vibration energy harvester, it is desirable that the power level does not change significantly with a change in the resonant frequency.
If the electromagnetic coupling factor, K, is so high that
the following equation stands:
Therefore, by simplifying equation (19), the maximum output power becomes:
which is independent of the resonant frequency. Therefore, it is important for an electromagnetic energy harvester to have a high electromagnetic coupling factor to achieve a large effective tuning range.
3. Electromagnetic coupling factor, K
Basic equations
As defined in equation (10), the electromagnetic coupling factor, K, is given by:
where k e = V v and R c is the coil resistance, V is the induced voltage within the coil and v is the velocity of the inertial mass when vibrating.
According to Faraday's law of induction, the induced voltage within the coil is:
where N is the number of turns of the coil and dϕ dt is the magnetic flux gradient. Therefore, equation (23) can be rewritten as:
As N and R c only depend on the coil geometry and dimensions, the coil coefficient, γ , is defined as:
Equation (25) then becomes:
As v = dz dt , equation (27) can be simplified as:
According to equation (25), the coil coefficient as well as the magnetic flux gradient through the coil must be as high as possible and the velocity of the inertial mass should be as low as possible to increase the electromagnetic coupling factor. In addition, according to equation (28), the change in magnetic flux per unit displacement of the inertial mass has to be as high as possible to achieve a high electromagnetic coupling factor.
Relationship between the coil and the electromagnetic coupling factor
The number of the turns of the coil can be calculated by:
where F c is the coil fill factor, the ratio of the volume of conductor to the volume of the coil, R o and R i are the outer and inner radius of the coil, respectively. t is the total thickness of the coil and d is the diameter of the coil wire. The coil resistance is given by:
where ρ is the electrical resistivity of the wire material, L c is the total length of the coil wire and A is the cross area of the wire. The total wire length is:
The cross-sectional area of the wire is:
Substitution of equations (31) and (32) into (30) yields the coil resistance rewritten as: Figure 9 . Overview of MiETEM.
Hence, the coil coefficient, γ , is:
Substitution of equation (34) into (28) gives the new equation of K as
Hence K can be increased by increasing the coil fill factor and thickness and the ratio of the outer diameter of the coil to the inner diameter.
Key points in designing electrically tunable electromagnetic energy harvester
Based on the above analysis, the key points to design an electromagnetic energy harvester with a large effective tuning range are:
• the coupling factor, K, should be as large as possible;
• the bigger the energy harvester, the higher K is needed to keep the output power of the energy harvester unchanged;
• the ratio of load resistance to coil resistance should be as low as possible;
• the Q-factor should be as low as possible;
• the coil resistance does not affect the effective tuning range of the electromagnetic energy harvester;
• the larger the coil resistance, the smaller the load capacitance needed to achieve frequency tuning;
• to achieve large K, the coil coefficient must be large, i.e. the coil must have a high fill factor and large thickness;
• the layout of magnets must be well designed so that the maximum change in flux linkage can be achieved with the minimum displacement of the magnets;
• with large K and r, the inertial mass of the energy harvester must be large enough to ensure high output power.
A micro-scale electrically tunable electromagnetic energy harvester
4.1. Overview Figure 9 shows a Micro-scale Electrically Tunable Electro Magnetic energy harvester (MiETEM). Figure 10 (a) shows the profile of MiETEM. It has a fixed coil and a resonator consisting of two magnets with magnetic flux guides mounted on a cantilever. Figure 10 The identical poles of the two magnets faced each other forming four magnetic flux paths. The magnets were NdFeB, a strong permanent magnet. The magnetic flux guide was made of mild steel with a very high permeability. One piece of a 1 mm thick mild steel washer was placed between the two magnets to reduce the force between them and make the harvester easier to assemble and to divert the magnetic flux to the side magnetic flux guide, as shown in figure 10(b) . The cantilever was made of 200 µm thick BeCu.
The cylindrical coil was held by two coil supports attached to either side of the energy harvester. The outer and inner diameters of the coil were 5 mm and 4 mm, respectively. The height of the coil was 2.5 mm. The coil wire diameter was 25 µm. The coil resistance was measured as 697 . The number of coil turns was around 1430 and the fill factor was 0.56. In addition, the coil inductance was measured as 0.3 mH.
Performance of MiETEM
The total mass of the energy harvester was 5 g and the energy harvester had a resonant frequency of 70.05 Hz experimentally. The Q-factor of the energy harvester was measured as 120 and the optimum load resistance as 3700 . The optimum load resistance is the load resistance on which the maximum output power is generated. The electromagnetic coupling factor was calculated to be 0.0035 according to equation (25) . Figure 11 (a) shows the average power at the optimum resistive load and figure 11(b) the open circuit voltage of the untuned energy harvester as a function of excitation level and frequency. The maximum average output power was 18.4 µW when the energy harvester was excited at 30mg.
Figures 12(a) and (b) compare experiment and theory of the resonant frequency and maximum output power, respectively, with variation of load capacitance. The theoretical curves were drawn from equations (13) and (14), respectively. Combining figures 12(a) and (b) leads to figure 12(c), which shows the maximum output power as a function of resonant frequency. It is found the experimental resonant frequency and maximum output power agree with the theory to within 10%. Experimentally, the overall tuning range is 0.23 Hz and the effective tuning range of the MiETEM is 0.15 Hz. A capacitor was not required in series with the coil to cancel the coil inductance because the coil inductance is 0.3 mH, which, at and given the resonant frequency of 70.05 Hz, gives an impedance of only 0.132 which is much smaller than the coil resistance of 697 . Therefore, the effect of the coil inductance on the performance of the energy harvester in this case can be ignored. Furthermore, only load capacitances smaller than 10 µF were used in the test. This is because when the load capacitance became large, the output voltage of the energy harvester was too small to detect. Table 1 summarizes the values used in equations (13) and (14) to obtain the theoretical curves in figure 12.
5. A macro-scale electrically tunable electromagnetic energy harvester
Overview
The Macro-scale Electrically Tunable Electro Magnetic energy harvester (MaETEM) described in this section was Table 1 . Values used in equations (13) and (14) to obtain the theoretical curves in figure 12 . Figure 13 . Photo of MaETEM (Courtesy of Perpetuum Ltd).
designed and built by Perpetuum Ltd. The energy harvester was a cylinder of which the diameter was 7 cm and the height 7.5 cm, as shown in figure 13 . The total volume of the energy harvester was 289 cm 3 . Figure 14 shows the schematic cross-sectional view of the energy harvester along the centre axis. The energy harvester consisted of a resonator (as shown in figure 14(b) ) and a stator (as shown in figure 14(c) ). During the operation, the centre rod was attached to the vibration source. The air gaps between the static magnetic flux guide and the movable magnetic flux guide, g 1 and g 2 , vary with movement of the resonator, which changes the magnetic field flux through the two coils and thus induces voltage across the coils. Both air gaps were 0.2 mm when the energy harvester was static. As the displacement of the resonator is limited by these air gaps, the maximum displacement of the resonator is 0.2 mm.
The magnet and the magnetic flux guide were made of hard and soft ferrite, respectively. The spring is made of stainless steel. Magnet and coil holders were made of plastic. The total mass of the energy harvester was 830 g. The electromagnetic coupling factor was calculated to be 552.25, according to equation (25). The coil resistance and inductance were measured as 99.5 and 4 H, respectively.
Performance of MaETEM
The energy harvester was tested at an excitation level of 10 mg and 25 mg. The resonant frequencies of the energy harvester were 95.1 Hz and 95.5 Hz when excited at 10 mg and 5 mg, respectively. The Q-factor of the energy harvester was measured as 1350 when excited at 10 mg and 1250 when excited at 25 mg. The difference in resonant frequency and Q-factor at different vibration accelerations is caused by slight non-linearity of the energy harvester due to the weak magnetic force between the stator and the resonator.
As the coil inductance was 4 H, and given the resonant frequencies of 95.1 Hz and 95.5 Hz, the impedance of the coil inductance was 2390 and 2400 when excited at 10 mg and 25 mg, respectively. They are much bigger than the coil resistance of 99.5 . Therefore, a compensation capacitor needs to be connected in series with the coil to cancel the effect of the coil inductance. As shown in equation (4), the value of this compensation capacitor is frequency dependent, which makes selection of a single capacitor awkward. As an approximation, a capacitor of 680 nF, which is the single capacitor closest to the calculated value based on the untuned resonant frequency, was used in all tests described in this section.
5.2.1. Excited at 10 mg. Figure 15 shows the output power of the energy harvester with a resistive load of 10 k and various capacitances ranging from 0 to 1400 nF, when excited at 10 mg. Note that 10 k is not the optimum load resistance of the energy harvester. The purpose of using a designated resistor rather than the optimum load resistor is to validate the generality of the model. (13) and (14) to obtain the theoretical curves in figure 16 . Figures 16(a) and (b) compare experiment and theory of the resonant frequency and the maximum output power variation with load capacitance. The theoretical curves were drawn according to equation (13) for resonant frequency and equation (14) Table 2 summarizes the values used in equations (13) and (14) to obtain the theoretical curves in figure 16. Figure 17 shows the power spectrum of MaETEM with a resistive load of 4 k and various capacitances ranging from 0 to 1600 nF when excited at 25 mg. Note again that 4 k is not the optimum load resistance of the energy harvester.
Excited at 25 mg.
Comparisons of experiment and theory of the resonant frequency and the maximum output power with variation of load capacitances are shown in figures 18(a) and (b), respectively. The theoretical curves are drawn according to equation (13) for resonant frequency and equation (14) for the maximum output power. Combining figures 18(a) and (b) leads to figure 18(c), which shows the maximum output power at various resonant frequencies. The effective tuning range of the energy harvester is over 5 Hz. The experimental results agree with the theory to within 10%. Table 3 summarizes the values used in equations (13) and (14) to obtain the theoretical curves in figure 18.
Discussions.
It is found that the resonant frequency reduced with an increase of the load capacitance as Table 3 . Values used in equations (13) and (14) to obtain the theoretical curves in figure 18 . expected. When the load capacitance was small (<100 nF), the maximum power output remained unchanged while the resonant frequency reduced. The maximum power output started decreasing as the load capacitance increased (>100 nF). The experimental results of the resonant frequency agree with the theory while the experimental results show the maximum output power is slightly higher than the theory suggests, when excited at 25 mg. The reason is that there is a hard core inside the two coils and the coil inductance varies according to the change in magnetic flux within the hard core. The coil inductance of 4 H was measured when the energy harvester was static. When the vibration level is small (e.g. 10 mg), the coil inductance does not change significantly. Thus the value of the capacitor required to cancel the effect of the coil inductance is close to theory based on the static situation. Therefore, the experimental results agree with the theoretical analysis when the excitation level is 10 mg. As the vibration level increases, the value of the capacitor required to cancel the effect of the coil inductance coil is different from the calculated value based on the static situation. The effect of the coil inductance on the performance of the energy harvester becomes apparent and therefore causes the mismatch between the experimental results and the theoretical analysis. Furthermore, the slight non-linearity of the energy harvester is another cause of the mismatch. Table 4 summarizes the performance of the two energy harvesters presented in sections 4 and 5. It is found that the macroenergy harvester, MaETEM, has a larger effective tuning range than the microenergy harvester, MiETEM. The volume and mass of MaETEM are 166 and 26 times larger than those of the energy harvester MiETEM, respectively. The electromagnetic coupling factor of MaETEM is over 150 000 times greater than that of MiETEM, which is the reason why MaETEM has a larger effective tuning range, as theory indicates.
Comparisons of the two electrically tunable energy harvesters
In the microenergy harvester, MiETEM, the magnetic flux does not change while the inertial mass is vibrating. Only the magnetic flux through the coil changes. In the macroenergy harvester, MaETEM, the magnetic flux is changed by varying the reluctances of the air gaps. As the reluctances of the air gaps are much larger than those of magnetic flux guides, the reluctances of the air gaps dominate the total reluctance in the magnetic circuit. Small changes in the reluctance of air gap can significantly change the magnetic flux. Therefore, the magnetic flux change in MaETEM is much greater than that in MiETEM. As both energy harvesters have similar maximum displacements (around 0.2 mm), the magnetic flux change per unit displacement in MaETEM is much greater than that in MiETEM. This is the reason why the electromagnetic coupling factor of MaETEM is much higher than that of MiETEM and thus MaETEM has a larger effective tuning range than MiETEM.
Conclusions
This paper presents a general model of resonant frequency tuning of vibration electromagnetic energy harvesters by varying the electrical load, specifically the capacitive load. It was found by theoretical analysis that a high electromagnetic coupling factor, K, must be achieved to realize a large tuning range. A large coil resistance results in a large tuning range with small load capacitances. The bigger the energy harvester, the higher K must be to keep the output power of the energy harvester unchanged. To achieve a large K, the coil must have as high as possible fill factor and thickness. Furthermore, the layout of the magnets must be well designed so that the maximum change in magnetic field strength can be achieved with the minimum displacement of the magnets. The ratio of load resistance to coil resistance and the Q-factor should be as low as possible to achieve a high effective tuning range. The coil resistance does not affect the effective tuning range of the electromagnetic energy harvester. Finally, the inertial mass must be large to ensure high output power if K is high. Therefore, electrical resonant frequency tuning is more feasible in macroenergy harvesters than in microenergy harvesters.
This model has also been validated by experiments. Resonant frequencies of a microelectromagnetic energy harvester as well as a macroelectromagnetic energy harvester were successfully tuned by varying their capacitive load. The micro-scale MiETEM had an untuned resonant frequency of 70.05 Hz. The electromagnetic coupling factor of MiETEM was 0.0035. It was tuned by 0.23 Hz while changing its capacitive load from 0 to 4000 nF when excited at 30 mg. It had an effective tuning range of 0.15 Hz while its capacitive load was varied from 0 to 1500 nF. The macro-scale MaETEM had untuned resonant frequencies of 95.1 Hz and 95.5 Hz when excited at 10 mg and 25 mg, respectively. The electromagnetic coupling factor of MaETEM was 552.25. It was tuned by 3.8 Hz by changing its capacitive load from 0 to 1400 nF when excited at 10 mg. It had an effective tuning range of 3.5 Hz while its capacitive load was varied from 0 to 1200 nF. When the energy harvester was excited at 25 mg, its resonant frequency has been tuned by 4.2 Hz by changing its capacitive load from 0 to 1400 nF. The test results were found to agree well with the theoretical analysis to within 10%.
Experimentally, the macro-scale MaETEM has a larger effective tuning range than the micro-scale MiETEM. The reason is that in MiETEM, the magnetic flux does not change as the inertial mass is vibrating and only the magnetic flux cutting the coil is changed, whereas in the macroenergy harvester MaETEM, the magnetic flux is changed by varying the reluctances of the air gaps. As the reluctances of the air gaps are much larger than those of magnetic flux guides, the reluctances of the air gaps dominate the total reluctance in the magnetic circuit. Small changes in reluctance of the magnetic flux guide have little effect on the magnetic flux in the circuit while small changes in the reluctance of air gap can significantly change the magnetic flux. Since the maximum displacements of both energy harvesters are similar, the magnetic flux change per unit displacement in MaETEM is much larger than that in MiETEM. Therefore, the macroenergy harvester MaETEM has much greater electromagnetic coupling factor than MiETEM and thus a larger effective tuning range. This also agrees with the key points concluded in section 3.3 for designing electromagnetic energy harvesters capable of frequency tuning using electrical methods.
In conclusion, in order to design an electrically tunable electromagnetic energy harvester with a larger effective tuning range, it is preferred that the energy harvester has a magnetic flux linkage whose air gap varies during operation. However, the material of the magnets and the magnetic flux guide should be carefully selected for this type of energy harvester. If the magnet is strong and the magnetic flux guide has very high permeability, there will be a strong magnetic force in the small air gap between the resonator and the stator, which will cause high non-linearity of the energy harvester. Furthermore, if this magnetic force is too strong, the movement of the resonator can be seriously restricted. This has to be taken into consideration when designing such electrically tunable electromagnetic energy harvesters.
